is infinitely large; more precisely, I showed that it has the magnitude of the logarithm of the harmonic series 1 + 1 2 + 1 3 + 1 4 + 1 5 + etc., which seems not just a little remarkable, since commonly the harmonic series is counted as the smallest kind of the infinite. However, since not only is the logarithm of an infinite number itself infinite, but also the logarithms of these logarithms are even still infinite, and this clearly gives infinitely many lower degrees of the infinite. Thus if A denotes the sum of the series of reciprocals of the prime numbers, then lA will be infinitely large but it will also be considered to belong to an infinitely lower order of the infinite; then indeed even now these formulae: llA, lllA, llllA etc. will be infinite, though each of these will be infinitely smaller than the preceding. − etc. ubi numeri primi formae 4n − 1 habent signum positivum formae autem 4n + 1 signum negativum, Opuscula analytica 2 (1785), 240-256. E596 in the Eneström index. Translated from the Latin by Jordan Bell, Department of Mathematics, University of Toronto, Toronto, Ontario, Canada. Email: jordan.bell@utoronto.ca 2. We next observe that all the prime numbers, aside from 2, can be naturally divided into two classes, as those of the form 4n+1 and those of the form 4n−1, where all the former are the sum of two squares while the latter are entirely excluded from having this property. The series formed by the reciprocals from these two classes are: will also be infinite.
3. Let us first consider here the difference between the prime numbers of the forms 4n + 1 and 4n − 1, for there would be no doubt that the series formed from each of these are infinite should the difference between them have a definite value. For this let us take the terms of the form 4n − 1 to have the sign +, and indeed the remaining terms to have the sign −, so that this series will arise:
in which there one discerns no clear order for the signs. We shall see however this does not hinder us from at least assigning an approximate sum. It does not seem unlikely that this sum, if it is not rational or irrational, would in any case belong to a very notable kind of transcendental quantity. In the meantime however, as not only is no clear order apparent in the signs, but even less in the fractions themselves, at first sight no way seems open by which the sum of this can be reached.
4. In contemplating the well known Leibniz series for giving the quadrature of the circle
we see in it that all the odd numbers of the form 4n + 1 have the sign +, and the remaining, of course of the form 4n − 1, have the sign −. All the terms of our series with their corresponding signs occur in the Leibniz series with the signs changed. Then, if we remove all the composite numbers from this series, finally of series, besides unity, would remain, with opposite signs. Thus we will obtain the sum of our series if we successively remove all the composite numbers from the Leibniz series, since the sum of all the terms which are excluded by one of these operations can be easily assigned.
5. Let us therefore begin with the Leibniz series itself, setting
, and let us first exclude all composite numbers divisible by 3. To this end, let us form this series:
which certainly contains all the composite numbers divisible by 3, so if this series is added to the former, all these composite terms will be excluded
. Therefore in this series, whose sum we have found, no more composite numbers divisible by 3 occur, but the first composite term occurring in it is + 1 25 . 6. Therefore let us now exclude all the terms divisible by 5 from this last series, to which end let us form this series:
which includes all terms divisible by five, which were so far still included in the series B, with the same signs. With this latter series removed from the former, the following will remain:
where now from the start all the terms are prime, and the first term which occurs that is not a prime will be 1 49 , the next indeed
. Let us also put the sum of this series = C, so
7. Now let us therefore exclude all the terms which are still divisible by seven, which the following form contains:
in which the signs of the terms are opposite. This series added to the series C gives
in which the first composite term will be + 1 121 , the next indeed
etc. As well, let us call this series D, so that
8. Now from the series D which has just been found, let us remove the terms which are still divisible by 11, which this form contains:
which terms in the series D have opposite signs; whence if this series is added to the former these terms will be excluded, and it will follow
in which the first term which is not prime is 1 169 ; let us further designate this series by the letter E, so that
9. Therefore from this series let us exclude all the terms in it which are still divisible by 13, which this form contains:
and these terms have the same sign as in the series E itself. Thus this series should be subtracted from the former, from which follows
where the first term which is not prime is 1 289 . As well, let us designate this whole series by the letter F , so that
10. Now, since if we continue these operations further, as long as we successively exclude the terms still divisible by 17, then indeed by 19, by 23 etc., finally such a series of prime numbers coming after unity will remain, which, if we designate with the letter Z, which should be thought of as continued infinitely, will be
consequently the sum of the series proposed in the title will be 1 − Z. And it is also clear that these formulae continually come closer to this value:
11. It will become clear from the following formulae how the values of these letters are successively determined from the preceding:
One should note here that if the denominator is a prime of the form 4n + 1 then the numerator of the first term will be one less, or 4n, and also indeed the next term should be added. On the other hand, if the denominator is a prime of the form 4n − 1, then the numerator of the first term will be one greater, or 4n, and indeed the next term should be subtracted in this case.
12. So that now we can express all these values in numbers by decimal fractions, first of all it is noted to be = i = 0, 6725371994, in which order the first term a is equal to unity.
13. For the computation of these values A, B, C, D, E etc. it will be helpful to use the following formulae, in which at once we shall write the numerical values of these letters
14. As far as we have led this calculation, still we cannot be certain beyond the third decimal figure of the sum of our series, and thus it remains in doubt whether this sum is either greater or less than 0, 669. Now if we assume this value as true, the given series
will have the sum 0, 331, and this value will be a bit smaller than , as the sum of these fractions is greater than 1 5 , it might happen that the true value exceeds 1 3 , which at this point remains in doubt. Indeed, for inquiring into the sum of this series another very accurate method is given, which we will expand here, as it seems worth the effort to approximate the true sum of this series.
15. By the method in which we successively removed the composite terms from the first Leibniz series, likewise if we remove entirely all the terms besides unity we will find
where in the numerators all the prime numbers except 2 occur, and indeed the denominators are the evenly even numbers, either greater than or less than their numerator. Also indeed, if the reciprocal series of odd squares: where all the prime numbers occur either increased or decreased by unity, and where the evenly even numbers appear in the numerator and the oddly even in the the denominator.
16. Next this expression can then be exhibited in this way:
then by taking the hyperbolic logarithm we will have:
It is known however in general by infinite series that 1 2 l a + 1 a − 1 = 1 a + 1 3a 3 + 1 5a 5 + 1 7a 7 + 1 9a 9 + etc., and so 1 2 l a − 1 a + 1 = − 1 a − 1 3a 3 − 1 5a 5 − 1 7a 7 − 1 9a 9 − etc. Now if by means of these formulae we convert all the former logarithms into infinite series, even though innumerable infinite series will be obtained, one will be able to reduce these to series which can be dealt with easily.
17. Thus, first all these logarithms should be divided by two, and as the hyperbolic logarithm is being taken here, as l2 = 0, 6931471805 it will be 1 2 l2 = 0, 3465735902, while from the other side the logarithms will be arranged thus:
18. Now by descending vertically, let us consider the following series which are also infinite: The first of these series O is the same one whose sum has been given to us to investigate.
19. Therefore with these series so designated by capital letters, we will have this equation:
whence if the sums of the series P, Q, R, S etc. were known, from them we would easily obtain the sum of the series O that is being sought; for it would be
20. And we can conclude the sums of the series P, Q, R etc. from the class of series where all the odd numbers occur, in the same way in which above we elicited the sum O from the Leibniz series 1 − 1 3 + 1 5 − 1 7 + 1 9 − 1 11 + etc. 22. To now get at the values of the letters P, Q, R etc., the same method can be used by which above we dismissed all the composite terms from the series
except that in place of all the single numbers, powers of them should be written. We shall explain these operations for the letters in general. Thus let us consider this series: Z = 1 − 1 3 n + 1 5 n − 1 7 n + 1 9 n − 1 11 n + etc., whose sum, as above, we shall designate with the letter A, so that A = Z, and then let us elicit the following letters B, C, D etc. by the following formulae:
etc.
Having found these values, their complements to unity, namely 1 − A, 1 − B, 1 − C, 1 − D etc., will very quickly approach the sought for value
23. Thus let us first apply these general precepts to the value of the letter P , for which we will start from the value P = 0, 9689462 = A, and because here it is n = 3, we will have 25. Now let n = 7, and A = R = 0, 9995547, then indeed a = 1, b = 0, 9995428, and it will therefore become
from which we will now have
and hence
26. Since in this calculation it will nearly be B = A, in the following the letter B will not be useful, and therefore we will have S = 1 − S = 0, 0000501 and so 1 9 S = 0, 0000056.
Then indeed it will be T = 1 − T = 0, 0000053 and so 1 11 T = 0, 0000005, and finally U = 1 − U = 0, 0000003 and 1 13 U = 0, 0000000.
Thus removing these parts from the preceding value gives
It is apparent from this that the value is still somewhat greater than Therefore we would like to see whether perhaps the sum turns out to be O = lπ − lN , where N is a reasonably simple number. Truly though for the most part the investigations of this are undertaken without any success.
28. By means of the last method not only can we elicit the sum of the given series, but also odd powers of it, and here we state these sums for view: 29. It is doubtless that these sums deserve only a little attention unless perhaps they can be reduced to known quantities. In truth, because in these series neither do the terms proceed according to a certain law, or even in the signs is a more or less certain order seen, this inquiry a first sight seems altogether impossible. Therefore the method by which we have obtained these sums certainly is worth all attention, even more so because it rests on quite intricate properties of series of powers. For unless the sums of the series 1 − 1 3 n + 1 5 n − 1 7 n + 1 9 n − etc.
in the cases when n is an odd number are known, this whole investigation may have been undertaken in vain.
